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Calculation of the phase behavior of lipids

M. Müller* and M. Schick
Department of Physics, Box 351560, University of Washington, Seattle, Washington 98195-1560

~Received 17 December 1997!

The self-assembly of monoacyl lipids in solution is studied employing a model in which the lipid’s hydro-
carbon tail is described within the rotational isomeric state framework and is attached to a simple hydrophilic
head. Mean-field theory is employed, and the necessary partition function of a single lipid is obtained via a
partial enumeration over a large sample of molecular conformations. The influence of the lipid architecture on
the transition between the lamellar and inverted-hexagonal phases is calculated, and qualitative agreement with
experiment is found.@S1063-651X~98!14605-6#

PACS number~s!: 87.15.2v, 64.60.2i
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I. INTRODUCTION

Lipid bilayers form the framework of biological mem
branes. Nevertheless, almost all membrane lipids adoptnon-
bilayer configurations, either in their pure state or in lip
mixtures, under conditions close to physiological ones@1,2#.
Although cubic phases are also found@1,3#, the most com-
monly occurring nonbilayer arrangement is the inverte
hexagonal@4#, or H II , phase in which a matrix of hydrocar
bon tails is pierced by a hexagonal array of water-filled tu
lined by the hydrophilic head groups. Why biological mem
branes should contain lipids that tend to drive them towa
a configurational instability, much like a lamellar-hexagon
transition, has been the subject of much speculation cen
ing on the role such instabilities might play in promotin
membrane fusion, and controlling membrane permeab
@2,5#. As a consequence of this interest, there have b
many studies of the phase behavior of lipids in general,
of the parameters that affect the lamellar to hexagonal t
sition, in particular@6–10#. For example, in a homologou
series of saturated diacyl or diakyl phosphatidylethano
mines, an increase of chain length stabilizes theH II phase,
causing the transition temperature between it and the lam
lar phase, which exists at lower temperatures, to decrease@6#.
Conversely an increase in the volume of the head group
bilizes the lamellar phaseLa , causing the transition tempera
ture to increase, as clearly demonstrated@8# in mixtures of
dioleoylphosphatidylethanolamine ~DOPE! and dio-
leoylphosphatidylcholine~DOPC!. An increase in water con
tent also tends to stabilizeH II .

A qualitative understanding of these results is provided
a characterization of the lipid as a simple geometrical ob
parametrized by the chain volume, the maximum ch
length, and the head-group area@11#. The different phases
result from simple geometrical packing considerations.
contrast to simplifying the description of the lipid, larg
length scale approaches@8,12# simplify the description of the
bilayer itself, reducing it to an infinitesimally thin membran
characterized by elastic constants which are inputs to
theories@13#. Often, elements of such theories are combin

*Present address: Institut fu¨r Physik, Johannes Gutenberg Unive
sität, D-55099 Mainz, Germany.
571063-651X/98/57~6!/6973~6!/$15.00
-

s
-
s
l
r-

y
n
d

n-

-

l-

ta-

y
ct
n

n

e
d

with other phenomenological terms to complete the desc
tion @8#.

Simulation of chemically realistic models of lipids an
their interactions have been carried out@14#, and yield valu-
able information about local properties, such as density
orientation profiles in the bilayer, lamellar phase, and d
namic and transport properties. However, simulations
both demanding computationally and limited to a rath
small number of particles. Within the framework of chem
cally realistic models, the simulation of phase transitions
tween different morphologies seems not to be feasible
present.

Analytic, mean-field approaches combined with micr
scopic modeling of the tails of lipids have been applied w
success to the manner in which the tails pack in the inte
of aggregates@15–17#. The contribution of the chains to th
single-lipid partition function, required by mean-field theor
is obtained from an enumeration of the molecular conform
tions of the tails permitted within the rotational isomer
state~RIS! model@18#. It is here that the particular architec
ture of the chains enters. Bilayer thickness is set by assu
tions on a phenomenological free energy describing
head-group region. These calculations reproduce many
tures of the density profiles and segment orientations in
interior of aggregates.

The contribution of the lipid tails to theH II phase has also
been examined by these means@19#, and it was shown tha
their entropy always favors this phase over the lamellar o
It was also observed that a change in the area per head g
could lead to a transition to the lamellar phase. No solv
was included explicitly, but as its effect would be to alter t
area per head group, the observation indicates that varia
of solvent concentration would be able to bring about a tr
sition. The calculation is an approximate one by neces
because it is carried out in real space. The fullp6mm sym-
metry of theH II phase is not preserved, as the tubes
considered to be cylinders on which the area per head gr
is uniform. Further, the packing constraints in the interstic
between the tubes cannot be satisfied exactly. Applicatio
this real-space approach to such complicated morpholo
as Ia3̄d would be extremely laborious@20#.

In this paper, we overcome the difficulties of a real-spa
approach by combining the above enumeration techniq
with recent advances in the solution of mean-field equati
6973 © 1998 The American Physical Society
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of polymers@21,22#, a combination which we had previous
shown to be fruitful in a relatively simple system@23#. Here
we apply it to a more complicated system, a minimal mo
of a lipid and solvent mixture, one that treats the head gr
on the same microscopic basis as the tails. We are a
thereby, to obtain its phase diagram within mean-field the
and to examine how the boundary betweenLa and H II
phases changes with lipid architecture, i.e., how that ar
tecture affects the stability of the lamellar phase. Our res
are in qualitative agreement with experiment.

II. MODEL AND NUMERICAL SELF-CONSISTENT
FIELD TECHNIQUE

We describe the lipid as consisting of a tail, comprised
any number of chains~usually two! containing altogether a
total of N identical segments of volumev t each, and a head
containing two segments of volumevh/2 each. The solven
molecules have volumevs but are otherwise without struc
ture. The partition function of the mixture ofNL lipid mol-
ecules andNS solvent particles in volumeV can be written

Z;
1

NS!NL! E )
a51

NL

DraP@ra# )
b51

NS

drb

3dS 12F̂s2
vh

vs
F̂h2

v t

vs
F̂ tDexpH 2E

kBTJ ,

~2.1!

where

F̂h5vs(
a51

NL 1

2 (
h51

2

d~r2ra,h!, ~2.2!

F̂ t5vs(
a51

NL

(
t51

N

d~r2ra,t!, ~2.3!

are the dimensionless number densities of the head and
tail segments, and

F̂s5vs(
a51

NS

d~r2ra,s! ~2.4!

is the dimensionless number density of solvent particles.
fluid has been treated as incompressible. The probability
tribution of the lipid configurations is denotedP@ra#, and the
interaction energy between particles isE.

It is convenient to introduce auxiliary fields and consid
the particles to interact with one another via intermedia
fluctuating fields rather than directly:

Z;E DFhDF tDFsDWhDWtDWsDP expH 2
F

kBTJ ,

~2.5!

where the free-energy functionalF is
l
p
le,
y

i-
ts

f

the

e
s-

r
,

F@Fh ,F t ,Fs ,Wh ,Wt ,Ws ,P#

kBT

5
E

kBT
2NS ln

QS

NS
2NL ln

QL

NL
2

1

vs

3E dr H WhFh1WtF t1WsFs

1PS 12Fs2
vh

vs
Fh2

v t

vs
F tD J . ~2.6!

In this expression,QL denotes the single lipid partition
function in the external fieldsWh and Wt , acting on head
and tail segments, andQS the solvent partition function:

QL@Wh ,Wt#5E DrP@r #

3expH 2
1

2 (
h51

2

Wh~rh!2(
t51

N

Wt~r t!J ,

~2.7!

QS@Ws#5E dr exp$2Ws~r !%. ~2.8!

The interaction energy is

E
kBT

5
1

2 E dr

vs

dr 8
vs

(
a,b

Vab~r2r 8!Fa~r !Fb~r 8!,

~2.9!

wherea andb take the valuesh, t, ands. The incompress-
ibility condition,

Fs~r !1
vh

vs
Fh~r !1

v t

vs
F t~r !51, ~2.10!

can be used to eliminate the solvent volume fractionFs in
Eq. ~2.9!. The terms linear in the head and tail volume fra
tions that result from this procedure can be ignored, as t
only contribute to the chemical potentials of the heads a
tails. At this stage we neglect the coupling between the m
lecular conformations, the local fluidlike packing of molec
lar segments, and the local energy density and assume
all interactions are contact interactions,

Vab~r2r 8!5eabd~r2r 8!. ~2.11!

With these simplifications, the energy can be written in t
form

E@Fh ,F t#

kBT
5

1

vs
E dr$xhtFhF t2

1
2 xhhFh

22 1
2 x ttF t

2%,

~2.12!

with

xht[
1

vskBT Feht1ess

vhv t

vs
2 2ehs

v t

vs
2e ts

vh

vs
G , ~2.13!
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xhh[2
1

vskBT F ehh1ess

vh
2

vs
2 22ehs

vh

vs
G , ~2.14!

x tt[2
1

vskBT F e tt1ess

v t
2

vS
2 22e ts

vh

vs
G . ~2.15!

The functional integration in Eq.~2.5! cannot be carried
out explicitly. Therefore we employ mean-field theor
which approximates the integral by the largest value of
integrand. This maximum occurs at values of the fields a
densities that are determined by extremizingF with respect
to each of its seven arguments. Fluctuations around th
most probable values are neglected. These values are
noted below by lower-case letters. They satisfy the s
consistent equations

wh~r !5xhtf t~r !2xhhfh~r !1p~r !vh /vs , ~2.16!

wt~r !5xhtfh~r !2x ttf t~r !1p~r !v t /vs , ~2.17!

ws~r !5p~r !, ~2.18!

15fs~r !1fh~r !vh /vs1f t~r !v t /vs , ~2.19!

fh~r !52
NLvs

QL

dQL

dwh~r !
, ~2.20!

f t~r !52
NLvs

QL

dQL

dwt~r !
, ~2.21!

fs~r !52
NSvs

QS

dQS

dws~r !
. ~2.22!

Because the overall density is fixed, we can set*drp(r )
5*drws(r )50. The mean-field free energy F
[F@fh ,fy ,fs ,wh ,wt ,ws ,p# is

vsF

VkBT
5fs ln fs1fL ln fL2fs ln

QSvs

V
2fL ln

QLvs

V

1
1

V E dr$2xhtfh~r !f t~r !1 1
2 xhhfh

2~r !

1 1
2 x ttf t

2~r !%, ~2.23!

where we have denotedfs[Nsvs /V, the average, dimen
sionless, number density of solvent, and similarlyfL
[NLvs /V, for lipids.

In order to study the self-assembly of lipids into vario
morphologies, we expand the spatial dependence of the
sities and fields in a complete set of orthonormal functio
$ f k(r )%, V21*dr f i f k5d ik , f 151, which possess the sym
metry of the morphology being considered@21#; e.g.,fh(r )
5(kfh,kf k(r ). The coefficientsfh,1 , f t,1 , andfs,1 are sim-
ply equal to the average, dimensionless number dens
fh , f t , and fs , respectively. The solvent densityfs(r )
5fs,1V exp@2ws(r )#/*dr exp@2ws(r )# can be Fourier ex-
panded asfs,k5fs,1(expS)k,1 /(expS)1,1, with

~S!k,m52(
n

ws,n

1

V E dr f kf nf m . ~2.24!
e
d

se
de-
f-

n-
s

es

The partition function of a single lipid in an external fie
cannot be obtained analytically for a realistic architectu
Therefore we approximate the noninteracting single lip
probability distributionP by a representative sample ofN
single lipid conformations. Assigning the Boltzmann weig
vc to each lipid conformation in the field of mean potentia
wh andwt ,

vc[expH 2(
k

S wh,k

1

2 (
h51

2

f k~r c,h!1wt,k(
t51

N

f k~r c,t!D J ,

~2.25!

we obtain from Eq.~2.21! the components of the tail seg
ment density,

f t,k5fh,1

(c51
N vc( t51

N f k~r c,t!

(c51
N vc

, ~2.26!

and obtain similar results for the head segment density.
self-consistent equations, expressed in the basis$ f k%, are
solved by a Newton-Raphson-like method. Finally we mi
mize the free energy with respect to the size of the unit c
D. To this end we translate the lipid conformations so as
achieve a uniform distribution in the cell.

III. RESULTS

The above scheme is applicable toarbitrary lipid archi-
tecture and symmetry of spatial ordering. We have applie
to model monoolein, a fatty acid whose phase behavio
water has attracted much interest@10,24#. A schematic sketch
of the architecture is presented in Fig. 1 to illustrate t
architectural parameters of our model. The single hydroc
bon tail containsN517 units, a distancel 51.53 Å apart,
with a double bond between the eighth and ninth units. T
volume of the tail units isv t529 Å3. The trans-gauche en
ergy difference is taken to be 500 cal/mol. We take the t
units of the head and the first segment of the tail to be c
linear, with a distanced between the head units, and a di
tanceb between the first tail segment and the adjacent h
unit. We set all interactions to zero save those between
drophilic and hydrophobic entities, and they are taken
have the same strengthe. Thus from Eqs.~2.13–2.15!, xhh

50, x tt5(2ev t /kBTvs
2)[x, and xht5x(vs2vh)/(2v t).

FIG. 1. Schematic drawing of the lipid architecture of o
model. The specific volumes of the head and of a single tail s
ment arevh and v t , respectively. The distance between the t
segments isb, and that between the two segments of the head isd.
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Typically, between 524 288 and 2 097 152 conformations
single lipids were generated. The position of the head w
chosen uniformly distributed over the unit cell, with a ra
dom orientation. The tail was then constructed according
the rotational isomeric state~RIS! model @18#. The tail con-
formations were generated at a temperature of 300 K, so
they are fluid.

We use up to 32 basis functions,f k(r ). Because the cal
culations involve the contributions of each individual lipid
the Fourier component of the density, the required comp
memory scales like the product of lipid conformations a
number of basis functions. The program needs more tha
Gbyte memory. We employ the massively parallel CRA
T3D/T3E computer and distribute the lipid conformatio
among the processors independently of their spatial posit
Each processor evaluates the contribution of its assig
lipid conformations to the Fourier components of the dens
according to Eq.~2.26!. The partial results are collected v
shmemroutines. The first processor also calculates the
vent density, and therefore we assign it a smaller numbe
lipid conformations to compensate for the additional wo
load. Typically between 32 and 128 processors have b
employed in parallel. The program scales linearly with t
number of processors.

We first consider the parametersv t /vs51, vh /vs53.2,
d/l 50, and b/l 51. Thus the head is a relatively sma
single, interaction center located the same distance from
first tail segment as each tail segment is from its neighb
on the chain. The ratio of solvent volumevs to lipid volume
v l5vh1Nv t determines the extent to which the microstru
ture can be swollen. Small solvents tend to swell the mic
structure due to their large translational entropy, wher
large solvents favor phase separation. The phase diagra
determined by calculating the free energy of the differ
morphologies as a function of the solvent concentration
the ‘‘temperature’’ 1/x. Phase coexistence is determined
equating the chemical potential,

m5
]F

]Ns
5

vs]F

V]fs
, ~3.1!

and the Gibbs free energy,

G

V
5

F

V
2

mfs

vs
, ~3.2!

in the two phases. For a representative value of the temp
ture, 1/x50.25, we find the sequence of dimensionless fr
energy densities,f [vsF/VkBT, shown in Fig. 2. It follows
from this sequence that, with increasing solvent concen
tion, there is a transition from the disordered phase to theH II

phase, and from that to theIa3̄d cubic phase. At larger con
centrations, the lamellarLa phase competes with coexisten
between water-rich andIa3̄d phases. This is in accord with
the phase diagram of monoolein@10,24#.

Having determined that theIa3̄d phase does occur in ou
calculation, we do not consider it further. A large number
basis functions is required to determine its free energy w
sufficient accuracy to determine its phase boundaries.
ther, it is sufficient to restrict ourselves to the inverte
f
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hexagonal and lamellar morphologies to investigate the
fect of lipid architecture on their relative stability, which
our principal interest here.

The calculated phase diagram of the system, exclud
the cubic phases, is shown in Fig. 3. Its salient features
similar to those of the experimental monoolein-water m
ture @10,24#, and other lipid, solvent mixtures@25#. The H II
phase tends to exist at higher temperatures and water
centrations than does theLa phase. Upon swelling theH II
with solvent at lower temperatures, a weak first-order tran
tion to another lyotropic phase~La in this calculation! is
encountered, while at higher temperatures, a strong fi
order transition to a disordered~DIS! solvent-rich phase is
seen. These features are all in agreement with experime

The effect of lipid architecture on theLa ,H II transition is
shown in Fig. 4. In~a!, we see that at fixed temperatu
1/x50.25, the solvent concentration within the narrow c
existence region betweenH II and La phases, shown by
squares, increases with increasing tail length, while the t
perature on the phase boundary at fixed concentrationfs
50.185, shown by circles, decreases. Thus lengthening

FIG. 2. Free energies at 1/x tt50.25 of the disordered,La ,

Ia3̄d, andH II phases as function of the solvent content. For co
venience, the termmcoexfs /kBT has been subtracted from the d
mensionless free-energy densityf , wheremcoex is the chemical po-
tential at which solvent-rich and solvent-poor disordered pha
would coexist were there no stable ordered phases. The dotted
shows the Maxwell construction between theLa and the solvent-
rich disordered phase.

FIG. 3. Phase diagram of the model withv t /vs51, vh /vs

53.2, d/l 50, b/l 51. The stability region of cubic phases is n
included.
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57 6977CALCULATION OF THE PHASE BEHAVIOR OF LIPIDS
tail stabilizes theH II phase, in agreement with experime
@4#. The tails in this calculation were taken to be fully sat
rated so that there would be no effect of the relative pla
ment of the double bond. The effect of changing the he
group volume is shown in~b!, and it is seen that increasin
the volume of the head group destabilizes theH II phase,
again in agreement with experiment@8#.

A posteriori, this behavior can also be rationalized in t
framework of packing models. The morphology is controll
by a packing parameterh5v l /alc , wherea denotes the area
per head group andl c the maximum extension of the lipid
tail. We set l c5A^Rht

2 &515.1 Å, where^Rht
2 & is the en-

semble average of the square of the distance between
head unit and the last tail segment. The area per lipid tail
be related to the repeat distanceD via simple geometric con
siderations:

alam5
2~vh1Nv t!

D~12fs,1!
lamellar phase, ~3.3!

FIG. 4. Influence of lipid architecture on the lamellar to invert
hexagonal transition. The squares denote the densityfs along the
coexistence curve at fixed 1/x50.25, whereas the circles represe
the transition temperature 1/x at fixed compositionfs50.185.~a!
Variation with the chain lengthN. ~b! Variation with the head
group sizevh .
-
-
-

the
n

ahex5
2~vh1Nv t!

D~12fs,1!
A2p

)
S fs1

~12fs!vh

2~vh1Nv t!
D

inverted-hexagonal phase.~3.4!

There is a transition from an inverted-hexagonal to a lame
phase upon decreasing the packing ratioh. The molecule is
pictured as a wedge with the tails constituting the bulk
part. An increase of the head-group volume or decreas
the hydrocarbon tail length reduces the effective wed
shape of the molecule, and therefore tends to stabilize
lamellar phase.

The occurrence of a transition upon increase of the s
vent content is understood as due to the swelling of the a
per head group, which also reduces the effective we
shape of the molecule. The results of our self-consistent fi
calculations are displayed in Fig. 5. Calculating the pack
parameter from a microscopic model, we find that it d
creases upon adding solvent, and takes a value betwee
and 0.65 at the transition from the inverted-hexagonal to
lamellar phase. From the simple packing arguments,
would have expected its value to exceed unity at the tra
tion. This discrepancy only illustrates that the phenome
logical parameters of the packing model are related but
proximately to the geometrical parameters of the molecu

Along theH II , La transition, we find that the ratio of the
lattice constants of the two coexisting phases isDH /DL
'1.10, rather close to the value of 1.16 extrapolated fr
the experiments on monoolein@10#. However, the absolute
values of the lattice spacings are smaller than the experim
tal ones. The latter areDL542 Å while we obtain 20 Å. This
small value implies that the head groups are separated
very thin water layer, and that hydrocarbon tails originati
from different monolayers interdigitate significantly, a sho
coming encountered in other calculations@26#. By making
the head group bulkier,d/l 56, and adjusting the head
group volumevh /vs58.5 such that the transition occurs
the same solvent density, we increase the calculated resu
DL528 Å. Extending the head group still further, to tak
account of their hydration shell, would improve the agre
ment with experiments.

FIG. 5. Packing parameter for the lamellarLa and inverted-
hexagonalH II phase as a function of the solvent concentration
1/x50.25. The vertical line marks solvent composition at whi
the transition occurs.
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IV. DISCUSSION

We have explored the self-assembly of monoacyl lipids
solution employing a microscopic model. The model d
scribes the architecture of the tail very well, by means of
rotational isomeric state scheme, and that of the head ra
crudely. We have calculated the phase diagram employ
no other assumption than that of mean-field theory. In ag
ment with experiments, we find that a transition from
inverted-hexagonal to a lamellar phase occurs upon incr
ing the solvent content or decreasing the temperature,
that an increase in the length of the hydrocarbon tail o
decrease in the head-group volume stabilizes the inver
hexagonal phase. The ratio of the lattice constants of
coexisting phases is in reasonable agreement with exp
ment. However, the absolute value of the lamellar spacin
too low. This result highlights one of two limitations of ou
calculation; that we have greatly simplified the head gro
and the solvent. We expect that this deficiency can be r
edied with more realistic parametrization of the interactio
.
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We have also ignored fluctuations, which are expected
shift the phase boundaries to somewhat lower temperat
and, by inducing effective repulsions between interfaces
enlarge the characteristic length scale of the phases. Bec
of the extended molecular architecture, these effects will
small. They will also have little effect on the stability of th
lyotropic phases relative to one another. Therefore we
hopeful that our approach, having demonstrated its utility
capturing the effect of architecture on lipid phase transitio
will be applicable to the more difficult problem of its role i
membrane fusion and permeability.
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